We present a new type of self-tuning mechanism for 6d brane world models in the framework of gravity-scalar theory. This new type of self-tuning mechanism exhibits a remarkable feature. In the weak coupling limit g s → 0, the geometry of bulk spacetime remains virtually unchanged by an introduction of the Standard Model(SM)-brane, and consequently it is virtually unaffected by quantum corrections to the brane tension due to the dynamics of SM degrees of freedom. Such a feature can be obtained by introducing Neveu-Schwarz(NS)-brane as a background brane on which our SM-brane is to be set. Indeed, field equations naturally require the existence of the background NS-brane. Among the given such models, of the most interest is the case with Λ = 0, where Λ represents the bulk cosmological constant. This model contains two coincident branes (of the SM-and the NS-branes), one of which is a codimension-2 brane placed at the origin of 2d transverse space (≡ Σ 2 ), another a codimension-1 brane placed at the edge of Σ 2 . These two branes are T-duals of each other, and one of them is identified as our SM-brane (plus the background NS-brane). In the presence of the background NS-brane (and in the absence of Λ), the 2d transverse space Σ 2 becomes R 2 (or an orbifold R 2 /Z n ) with an appropriate deficit angle. But this is possible only if the 6d Planck scale M 6 and the string scale M s (≡ 1/ √ α ′ ) are of the same order, which accords with an assumption [1, 2, 3] that the electroweak scale m EW is the only short distance scale in nature.
Introduction
Inspired by the fact that the SM fields in string theory should be confined to the D-brane [1, 2] , it was proposed that our universe may be a topological wall (3-brane) imbedded in a higher dimensional spacetime (bulk) [3] . This "brane world" scenario has drawn considerable attention over the last few years since it provides a mechanism for solving the longstanding puzzles such as the cosmological constant problem [4] or the hierarchy problem [2] . For instance, a 5d model was presented in [5] where the SM vacuum energy (or the brane tension) "warps" only the 5d bulk spacetime and does not affect the geometry of the brane itself, so the brane is kept flat regardless of the value of the brane tension. In this model, the desired T eV physical mass scale can be obtained from the fundamental Planck scale ∼ 10 19 GeV through an exponential hierarchy generated by an exponential "warp" factor. Similar models also have been considered in 6d [6] . These models provide a nice way to address the hierarchy problem, but they require fine-tuning between brane and bulk parameters in order to admit static solutions which are flat in the 4d brane sector. Since these models are not free from the fine-tuning, a separate discussion would be necessary in order to meet the cosmological constant problem.
In this context, models without fine-tuning (or self-tuning models) have been proposed both in 5d [7, 8, 9] and 6d [10, 11, 12] . In particular, in [13] it was argued that the selftuning of the cosmological constant is generic in 5d theories with no more than two branes coupled to a scalar field as well as gravity. The idea of self-tuning mechanism in 5d is that if in some cases the number of free parameters in the bulk solution is greater than the number of matching conditions (including orbifold boundary conditions), then one can find solutions where the brane tension can take any arbitrary value without changing geometry of the brane, and quantum corrections to the brane tension do not disturb the flatness of the brane. However, the presence of the bulk cosmological constant Λ leads to a reintroduction of the fine-tuning between Λ and the brane tension except for a particular case [8] . Also, 5d models generally involve a naked singularity from a finite proper distance from the brane [9, 13] .
As mentioned above, self-tuning models also have been proposed in 6d. The self-tuning mechanism in 6d is different from that in 5d. Generally, 6d solutions have a desirable property that the brane tension does not affect the 4d effective cosmological constant; it only induces a deficit angle in the transverse space. The above 6d models are worth noticing in this respect. But still, certain kinds of fine-tunings are necessary in these models. For instance, a fine-tuning of bulk parameters is needed in [11] to obtain a sufficiently small value for the 4d cosmological constant, or a flux quantization causes a reintroduction of the fine-tuning between brane and bulk parameters in [12] . Besides this, there have been some claims [14] that these 6d models are not really the self-tuning models; they are indeed fine-tuning models. In this paper, along this line of studies, we will consider 6d brane world solutions in the framework of gravity-scalar theory. The solutions suggest that the 6d (or more generally (3 + p)d) gravity-scalar action admits a new type of self-tuning mechanism distinguished from the conventional ones. Further conventional works in 6d can be found in [15] .
Reduced action
Though the aim of this paper is to work out 6d solutions, we will start with a (3 + p)d action. One may be mostly interested in the case of p = 3, but at this point we will not fix the value of p. The action is given by 1
where 2κ 2 = 1/2M 1+p 3+p in terms of the (3 + p)d Planck scale M 3+p , and Φ is the (3 + p)d dilaton. The cosmological constant term includes a factor e αΦ , and where the case α = −2 is of particular interest because it corresponds to the string theory. The action (2.1) also contains two scalar fields Ψ 1 and Ψ 2 , which will play an essential role in our self-tuning mechanism. To obtain equations of motion from (2.1) it is convenient to follow the lines of [16] . We take the (3 + p)d metric to be of the form where d x 2 p = dx 2 1 + · · · + dx 2 p , the line element of the p-brane, while
represents a 3d subspace(≡ Σ 3 ) with coordinates y a ≡ (t, r, θ). In (2.3), θ is an angular variable with 0 ≤ θ ≤ 2π, and (r, θ)(≡ r) are polar coordinates representing 2d transverse space(≡ Σ 2 ). At this point we implicitly assume that the geometry of Σ 2 is locally R 2 around r = 0. The metric (2.2) is of the most general form with an O(p) symmetry on the brane sector. In fact the field degrees of freedom of the metric (2.2) (together with (2.3)) are redundant. For instance the factor e A could be absorbed into dŝ 2 3 , but it has been introduced for the later use. f (r) is also a redundant degree of freedom associated with a coordinate transformation r →r = F (r). Now notice that the scale factors in (2.2) and (2.3) all depend only on r. We will also assume that the scalar fields Φ, Ψ 1 , and Ψ 2 are all functions of r alone (namely, we are considering rotationally symmetric p-brane solutions). Since the fields do not depend on the coordinates x i along the p-brane, the (3 + p)d action (2.1) can be reduced to a 3d action defined on the subspace Σ 3 :
where φ is the 3d effective dilaton defined by
1 Instead of the last term of (2.1), it is also possible to consider more generalized terms like
where σi is any dilatonic scalar other than Φ. The whole discussion of this paper still holds for this generalized Lagrangian as can be inferred from the argument of Sec.5.
andR is the 3d Ricci-scalar obtained fromĝ ab . The indices in (2.4) are all raised or lowered withĝ ab . If we choose (recall that e A was a surplus degree of freedom)
(2.4) reduces to
where the 3d dilaton φ is absent and the kinetic term forĝ ab has the standard Einstein form without coupled to φ. So the first term of (2.7) is a standard Hilbert-Einstein action for the 3d gravityĝ ab , while the remaining terms constitute an effective matter action that gives a contribution to the energy-stress tensor T ab of the 3d Einstein equations forĝ ab .
3 Codimension-2 brane and Field equations with Ψ i = 0
The bulk equations of motion off the brane can be obtained from the reduced action in (2.7). But in order to include the effect of the brane we need to introduce a brane action. In this section we start the discussion with an assumption that the only brane introduced on Σ 2 is a codimension-2 brane placed at r = 0. Also, we assume that the scalar fields Ψ i are "turned off" (Ψ i = 0) at this point. The action for a dilaton-coupled codimension-2 brane is most generally given by
where V (Φ) is an arbitrary functional of Φ, and g µν is a pullback of G AB to the (p + 1)d brane world:
Upon using (2.6) and (3.2), the action I cod−2 can be converted into
where the 2d delta-function δ 2 ( r) has been normalized by
whereĝ 2 represents the determinant of the 2d metric defined on Σ 2 . As mentioned above we will begin our discussion only with a codimension-2 brane placed at r = 0. But later we will introduce a codimension-1 brane ((p + 1)-brane) at the edge of Σ 2 , which becomes a T-dual of the codimension-2 brane at r = 0. Such a (p + 1)-brane appears as a circle of certain radius, while p-brane simply as a point on Σ 2 . The field equations with a codimension-2 brane are now obtained from the total action I total ≡ I red + I cod−2 . In covariant form they are written as (a) 3d Einstein equations :
with
6)
where t ab follows from the action I cod−2 in (3.3).
(b) Equations for Φ and B :
Substituting (2.3) into the Einstein equations in (3.5) gives the following three independent equations of motion:
10) 12) where
B ′ 2 , and the "prime" denotes the derivative with respect to r. Similarly, from (3.8) and (3.9) one obtains
Equations (3.10)-(3.14) constitute a complete set of linearly independent equations of motion. Now we set one finds that the field equations reduce to the following set of four linearly independent equations:
where ∇ 2 is the flat Laplacian ∇ 2 ≡ (1/r)(d/dr)(rd/dr), while ψ and C i are defined, respectively, by
and
By inspecting (3.25) together with (3.21)-(3.23) one finds that ψ must satisfy 
Also in terms of ψ and ξ the metric (3.16) is rewritten as
Solution to field equations
The solution to the differential equations in the previous section can be readily found. Using (3.27), one can show that the most general solution to the set of field equations (3.21)-(3.23) and (3.29) takes the form
where R 0 is a constant with length dimension 1, and k M (M ≡ R, Φ, B, ξ) are given by
Also i M are defined by
where the constants α M are given by
By (4.7), (3.27) can be rewritten as 8) and in the case Λ = 0, the solution to (4.8) takes the form [17] ψ(r) = ±(8γ 2 /mΛ)
where r 0 is an arbitrary integration constant, but γ is given in terms of α ξ :
For Λ = 0, on the other hand, the solution to (4.8) can be written in the form
where b 0 is an arbitrary constant with length dimension 2. In (4.9) (i.e., in the case Λ = 0), the constant γ must be positive. If γ < 0, ψ becomes ψ ∼ r −(2γ+2) as r → 0, and therefore ∇ 2 ln ψ ∼ −2π (−mα ξ + 2) δ 2 ( r), which does not agree with (4.8); i.e., ψ does not satisfy the boundary condition at r = 0. In the case Λ = 0, however, γ (and consequently α ξ ) can be both positive and negative. Finally, the solution to (4.3) (for both Λ = 0 and Λ = 0) is simply 12) wherer 0 is an arbitrary constant. Though the solution (4.1) satisfies (3.21)-(3.23) and (3.29), we still need for consistency to check whether it satisfies (3.24) either. Substituting (4.1) (together with (4.9) (or (4.11)) and (4.12)) into (3.24) gives two consistency conditions
(4.14)
Since
from the definition of ξ (and from (4.1) and (4.12)), the first consistency condition (4.13) can be rewritten as 
where l is defined by
In the case α = −2 (or m = 2), (4.17) reduces to 19) which in turn implies C 2 = 0 (readers can check thatl = 0 in the case α = −2 also implies C 2 = 0), or equivalently
In general (and in particular, for the case of Dp-brane [8] ), V p (Φ) is expected to be a power series of the form
(where β = −1 for the Dp-brane) when the quantum corrections to the brane tension are controlled by the dilaton. So if the brane at r = 0 is a Dp-brane with V p (Φ) given by (4.21), V n must be highly fine-tuned in order to satisfy (4.20) , and this can hardly be accepted. For NS-brane, however, V p (Φ) takes the tree-level form
and (4.20) can be immediately solved by (4.22) . This strongly suggests that the codimension-2 brane at r = 0 with Ψ i = 0 is an NS-brane with a tension of the form (4.22), where V 0 is arbitrary. We take this NS-brane (≡ brane C) as a background brane on which a Dp-brane with SM-fields (≡ brane A) is to be set.
Form invariant action
So far we have considered the case where Ψ i are absent. Then we end up with a result that the codimension-2 brane at r = 0 should be an NS-brane. The action (2.1) with Ψ i = 0 (and with Λ = 0 if necessary) precisely coincides with the low energy (closed) string action with vanishing NS-NS 3-form field. But the result is that this action does not seem to admit D-brane solution, which immediately gets us into trouble because SM fields live on a D-brane. In this section we will show that such a difficulty can be avoided if we allow nonzero Ψ i in the action. Turning back to the reduced action (2.4), one can show that the effect of introducing nonzero Ψ i is to make a certain shift in Φ, A and B. Namely, in the case Λ = 0, the action with the field contents Φ, A, B and nonzero Ψ i is equivalent to the action with the new fieldsΦ,Ã,B and vanishing Ψ i :
whereΦ,Ã,B are given bỹ
and F Φ and F B are related with Ψ i by
, that is, F Φ and F B are field redefinitions of Ψ 1 and Ψ 2 . In addition to this, F Φ and F B also depend on e Φ ; for instance, they (more precisely, ∂F Φ and ∂F B ) can be taken to be a function of the order e Φ if necessary (see (5.10)). In a word, F Φ and F B are functionals of Ψ 1 , Ψ 2 and e Φ . (5.1) also holds for the case Λ = 0, but this time we have only one Ψ i (≡ Ψ). That is,Φ,Ã andB are given bỹ
and F is related with Ψ by
We see that Ψ = 0 implies F = 0 as before, and in particular for the string theory (α = −2), (5.5) reduces to 
and since F Φ is arbitrary, it does not impose any restriction on
where f Φ is defined by
which shows that V p (Φ) is not restricted anymore. If f Φ (or equivalently F Φ ) is taken as a function of the order e Φ , (5.8) can be rewritten in the form
where f 0 is a constant which is now the zero-th order in e Φ :
If we take
V p (Φ) is going to be the sum of (4.21) and the tree-level term of (4.22) . This suggests that the D-brane in addition to the background NS-brane would be allowed to exist at r = 0 if nonzero F Φ (i.e., the scalar fields Ψ i ) is present. In this case F Φ (i.e., f Φ ) is constrained by (5.12). But note that (5.12) only determines the boundary value of F Φ ; i.e., the value of F Φ (or Ψ i ) at the position of the brane is determined by the brane tension (of the D-brane).
The above discussion may be extended to the full orders of the perturbative expansion. In perturbation theory, f Φ would appear as a power series of the form 13) and (5.10) is consequently generalized to
where f n is defined by
If we take f n = v n , (5.16) (5.14) becomes the sum of brane tensions of both NS-and D-branes, and (5.16) implies that the boundary value of f Φ (or F Φ ) is determined by the brane tension to all orders of e Φ . Such an argument leads us to infer that the codimension-2 brane at r = 0 would be a stack of an NS-and a D-brane.
Geometry
Let us turn to the geometry of the 6d spacetime. In Sec.3, we found that 6d metric with a codimension-2 brane at r = 0 would take the form (3.30) with e Φ , e B , ξ and ψ given by (4.1), (4.9) (or (4.11)) and (4.12). Though we have used r−coordinates so far, it is also suggestive to introduce new coordinate systems. In the case Λ < 0, we introduce a new variable χ defined by
If we take the constant a as
then from (4.9) and (4.12), ψr 2 and i M become, respectively,
where
The metric (3.30) now takes the form
whereÎ M is defined byÎ
and thereforeÎ
If Λ > 0, (χ − a) (and (χ 2 − a 2 )) in (6.6) must be replaced by (a − χ) (and (a 2 − χ 2 )). We further introduce η defined by χ = a cosh |Λ| η , (6.9) then (6.6) becomes
and if Λ > 0, the hyperbolic functions in (6.10) should be replaced by trigonometric functions. For Λ = 0, on the other hand, the new coordinate η is defined by
and from (4.11) and (4.12) the metric (3.30) becomes
where we have set b 0 /r 2 0 ≡b 0 . Also note that if we takê
, (6.13) (6.10) reduces to (6.12) in the limit Λ → 0 provided that |Λ| is replaced with 2/η 0 . The above metrics become greatly simplified when α = −2 (m = 2). For α = −2, (6.10) becomes
14) whereÎ ξ andÎ B are given byÎ ξ = − 1 2 andÎ B = − l 2 (note that γ must be positive in the case Λ = 0). For Λ = 0, on the other hand, the metric is expected to be independent of α, as is obvious from (2.1). So in the case Λ = 0 we can choose any value for α (this means that (6.12) is invariant under the change of α), and in what follows we will always take α = −2 (m = 2) in the case Λ = 0. For α = −2, (6.12) reduces to
Finally, the string coupling g s is given in terms of the dilaton Φ; i.e., g s ≡ e Φ , which is given (in the η−coordinates) by
where we have set α = −2 (m = 2) for Λ = 0. In (6.16), d Φ is an arbitrary parameter and can be chosen properly so that e Φ coincides with the given value of g s . By (6.16), one can estimate the constant r 2 0 /d 2 ξ appearing in the metrics for instance (6.14) and (6.15). Using (6.2), (6.8), (6.13), (6.16) , and the relation
where we have set ǫ = +1 for Λ < 0, and η c represents the position of the brane in the η−coordinates 2 . Also the constant d B takes the form d B = (r/r 0 ) lα ξ for α = −2 (see (6.4)).
2 In the thin brane limit, ηc is equal to zero if the brane is located at η = 0. But in reality, branes have their own thickness(≡ τ ), meaning that ηc has an uncertainty of the magnitude of ∼ τ and it does not precisely vanish even in the case where the brane is located at η = 0. In addition to this, the exponent l in (6.17) is practically zero (l ∼ 0) in our models (see Sec.7 and also see "(d) case III again" of Sec.10). So it is natural to assume that r After all this, we observe that the 6d metrics essentially depend on V p (Φ) only through the constants l and α ξ . In the next section, we will show that the shift in l and α ξ due to quantum corrections to the brane tension of the D-brane is only of an order ∼ g 2 s , which is entirely negligible in the weak coupling limit g s → 0. This indicates that the whole bulk geometry (as well as the flat intrinsic geometry of the brane) is practically unaffected by quantum fluctuations of SM fields living on the D-brane.
V p (Φ)-independent bulk geometry
In the usual self-tuning brane world models, the intrinsic geometry of the brane is not affected by the brane tension V p (Φ), but the geometry of bulk spacetime is always affected by (the change of) V p (Φ). For instance in 6d models, the presence of a flat brane with the tension V p (Φ) causes a deficit angle in the transverse dimensions the magnitude of which is proportional to V p (Φ). Thus a change δV p (Φ) in V p (Φ) necessarily causes a corresponding change in the deficit angle, and this could lead to a failure of the self-tuning scheme. Such a V p (Φ)−dependency of the bulk geometry, however, can be avoided by introducing background NS-brane; the V p (Φ)-independence of the bulk geometry is extremely suppressed due to the presence of this NS-brane. In this section we will show that in such a model the bulk geometry is really practically unaffected by the shift δV p (Φ) in a certain limit of the string coupling g s .
In Sec.5 we have seen that the solutions with Ψ i = 0 (i.e.,l = 0) are basically self-tuning solutions. Withl = 0, the relation (4.18) can be expressed in terms of V p (Φ) and ∂V p (Φ)/∂Φ as
where V p (Φ) represents a sum of the tensions of the D-brane (=brane A) and the NS-brane
, each of which is assumed to take the form
2) Substituting (7.2) into (7.1) gives an ∞−th order equation for g s (≡ e Φ ):
where c for a given value of g s .
Though we wish to solve (7.3) for l for a given value of g s , it is convenient to begin with an assumption that (7.3) is an n−th order (∞−th order in fact) equation for g s . To solve (7.3), first suppose that the brane A and brane C are both Dp-branes (note that this is not the case we are considering in this paper). If both branes are D-branes (β A = β C = −1), c (l) n takes a form c 5) and (7.3) can be written as
For (7.6) to admit real solutions for g s , cancelations must occur among an infinite number of terms in (7.6) and this plausibly happens only when g s is of order of V ). So in the weak coupling limit g s → 0, one can hardly expect (7.6) admits real solutions for g s . Besides this, adding an extra Dp-brane to an existing Dp-brane leads to an unwanted result; the internal gauge group living on the existing Dp-brane is necessarily affected by the presence of the new Dp-brane.
Let us turn to the case where the brane A is a Dp-brane, while the brane C an NSpbrane 3 (β A = −1, β C = −2) (this is the case we are considering in this paper). Since V (C) n all vanish except for n = 0, (7.3) is now written as
(7.7) has a peculiar form. It looks quite different from (7.6). The n-th order coefficients V (A) n appear as the (n+1)-th order coefficients in (7.7). Equation (7.7) admits real solutions representing the weak coupling limit g s → 0 for a certain value of l. Neglecting higher-order terms for a moment (and assuming that l is not infinitely large), one finds that the first two terms in (7.7) can cancel each other whenl V (in string theory, they both take the value V (A,C) 0
0 ,l should be as small asl ∼ g s ∼ 10 −16 . For such a smalll,Î B and similarlyÎ Φ are practically not different from their values witĥ l = 0. In the previous section we have observed that the 6d metrics depend on V p (Φ) only through the constants l (i.e.,l) and α ξ . Apart from α ξ , this impies that the bulk geometry is practically unchanged by an addition of the SM-brane (≡ brane A) to the background NS-brane (≡ brane C). Note that Σ 2 with an NS-brane alone corresponds tol = 0 (Ψ i = 0), while Σ 2 with both SM-and NS-branes corresponds tol = 0 (Ψ i = 0).
Oncel is determined at the tree-level for the given values of V (A,C) 0
, the effect of the higher order terms can be taken into account by adding δl tol, where δl(= δl) is the shift in l due to quantum corrections to the brane tension of the SM-brane(i.e., the brane A). As is obvious from (7.7), δl is at most of order g 2 s ∼ 10 −32 ; i.e., δl ∼ V
< 10 −32 , which is completely negligible as compared with unity. This means that the bulk geometry is practically insensitive to the quantum fluctuations of the SM fields with support on the SM-brane.
In the above discussion we have implicitly assumed that (7.3) can be solved for g s . But in reality, it is impossible to solve the ∞−th order equation, and we are only allowed to solve the n-th order equation with finite n (perhaps for n ≤ 4). For instance, if n = 2 the equation takes the formĉ
n do not include g s . (7.9) admits real solutions for g s as long as the condition
is met. For (7.7), and for α = −2 for simplicity, the condition (7.10) reads 11) and the solutions for g s will be
Note that (7.11) does not lead to a fine-tuning of V (A,C) n . It only restricts the range of V (A,C) n . Also one can check that one of the solutions in (7.12) reduces to g s ∼ = lV
for l → 0 (this is the one that we have discussed in the above, see (7.8)). The other solution in (7.12) reduces to g s ∼ = −V for l → 0, which may correspond to the strongly coupled case and should perhaps be discarded in the framework using perturbation.
So far we have concentrated on the constant l. But the 6d metrics also depend on α ξ as well as l as observed in Sec.6. But still, one can show that the metrics are virtually unchanged by an addition of the SM-brane even though the effect of α ξ is taken into account. In order to see this, define a constant k as
where α ξ (V A (Φ) + V C (Φ)) represents the value of α ξ when the brane at r = 0 is a coincident brane of the SM-and the background NS-brane, while α ξ (V C (Φ)) the value of α ξ when the SM-brane is absent and there is only an NS-brane at r = 0. From (4.7), (7.2) and (7.13), one obtains 14) and the same analysis made for (7.7) can be applied to this case too. One finds that k should be as small as k ∼ g s ∼ 10 −16 , which means that the 6d geometry still remains virtually unchanged by an addition of the SM-brane (though the effect of δα ξ is taken into account). Similarly, the shift in k due to quantum corrections to the brane tension (of the SM-brane) becomes δk ∼ g 2 s ∼ 10 −32 , implying that the bulk geometry is practically insensitive to the quantum fluctuations of the SM-fields living on the SM-brane.
Codimension-1 brane as a T-dual of codimension-2 brane
In Sec.4, we found that solution to the set of field equations takes the form of (4.1) with ψ(r) given by (4.9) or (4.11) according to whether Λ = 0 or Λ = 0. In the case Λ = 0, (4.9) is valid only when γ is positive. But in the case Λ = 0, (4.11) is valid for both positive and negative γ. So far we have assumed that the brane at r = 0 (or η = 0) is a codimension-2 brane. Such a codimension-2 brane, however, can exist only when Σ 2 is closed at r = 0. But in some cases Σ 2 fails to be closed at r = 0; rather, it spreads out (i.e., √ g θθ diverges)
there. Whether Σ 2 is closed at r = 0 or not entirely depends on the signature of γ. When Λ = 0, Σ 2 is always closed at r = 0 (η = 0) because γ must be always positive in the case Λ = 0, and 2 − (4/m) − 4Î ξ = 2 > 0 in (6.10) for positive γ. When Λ = 0, on the other hand, (6.15) shows that while Σ 2 is closed at r = 0 (η = 0) if ǫ > 0 (r > 0), it spreads out as r → 0 (η → 0) if ǫ < 0 (r < 0). So the brane at r = 0 is a codimension-2 brane in the case ǫ > 0, while it is necessarily a codimension-1 brane in the case ǫ < 0. In our models these branes will be identified as a certain limit of the type II codimension-1 brane introduced in Appendix. Once we identify these branes with the type II codimension-1 branes, we can observe that they are T-duals of each other provided that they have the same mass. In order to see this, return to the metric (6.15) which was given for the case Λ = 0. For ǫ > 0, (6.15) becomes
while for ǫ < 0
These two metrics are related with each other by a duality transformation. We see that one of them is converted into another by a transformation
and if we identify η 0 with the string length √ α ′ , (8.3) becomes a (closed string) T-duality transformation of the string theory. Codimension-1 branes can be obtained from (8.1) and (8.2) by fixing η to a constant value; i.e., η = η c , where η c is represents the position (or the radius) of the branes in the η−coordinates. If these two codimension-1 branes have the same mass, they are T-duals of each other because they are related by the duality transformation (8.3) , and the total mass of the brane is conserved under duality transformation. Let us identify these branes as the type II codimension-1 branes, and then take η c → 0. The codimension-1 brane of the case ǫ > 0 then shrinks by η c → 0 to a point to become a codimension-2 brane, while the other one of the case ǫ < 0 still remains to be a codimension-1 brane. But still, these two branes are related by (8.3), and they have the same mass because the total mass of the type II codimension-1 brane is preserved under the variation of η c . So they are T-duals of each other.
Let us consider the codimension-1 brane of the case ǫ < 0. Since the type II codimension-1 brane exists only when Λ = 0, it is described by
One can show that (8.4) and (8.5) satisfy the field equations (A.13) with Λ = 0, and (A.14), respectively. (8.4) and (8.5) show that there is a reflection symmetry about the brane at r = 0. We take this codimension-1 brane as an orbifold fixed line; i.e., we identify every point of the region r < 0 with the corresponding point of the region r > 0, and then take the region r > 0 as a fundamental domain. Note that extra factor two has been multiplied on each α M in (A.13) and (A.14). It reflects the fact that the orbifold fixed line at r = 0 is an overlap of two codimension-1 branes each of which belongs to the corresponding regions r < 0 and r > 0. So the tension V p+1 (Φ) (and consequently α M ) must be doubled. So far we have considered the case where the type II codimension-1 brane is placed at r = 0. However, we want the brane at r = 0 to be a codimension-2 brane because we want to set our SM-brane (a codimension-2 brane) at r = 0. Thus in the followings, the type II codimension-1 brane will be moved to r = r m (or η = η m in the η−coordinates), and it will serve as a T-dual of the codimension-2 brane at r = 0. So in this paper we always consider the case where Σ 2 is closed at r = 0.
Matching conditions
According to the metrics in Sec.6, two extra dimensions of Σ 2 form an infinite volume space, which, however, may not be accepted as a realistic model. In order to avoid such noncompact extra dimensions with an infinite volume, we may need to introduce a codimension-1 brane (≡ brane B) at a finite distance from the codimension-2 brane at r = 0. Because this codimension-1 brane is expected to be an ordinary codimension-1 brane, we begin with the field equations for the type I codimension-1 brane introduced in Appendix. We assume that the brane B is placed at r = r B .
The field equations (A.3)-(A.5) require the fields to satisfy the matching conditions where the indices I and II represent the regions r < r B and r > r B , respectively. In the region I, a coincident brane (of the brane A and brane C) is placed at r = 0, and we want this to be a codimension-2 brane (see Sec.8). In the region II, we want a corresponding brane to be placed at r = 2 r B (≡ r m ) by reason of symmetry. So the configuration is that we have a codimension-2 brane at r = 0, and a corresponding brane at r = r m (which can be either the type II codimension-1 brane or a codimension-2 brane), and finally a type I codimension-1 brane in the middle (i.e., at r = r B ). The whole internal space Σ 2 thus consists of two parts; i.e., the region I(≡ 0 < r < r B ≡ Σ 2I ) and the region II(≡ r B < r < r m ≡ Σ 2II ), where r m ≡ 2r B as defined above.
In the region I, ψ(r) and i M (r) are due to the brane at r = 0 and directly given by (4.9)(or (4.11)) and (4.12), respectively. In the region II, ψ(r) and i M (r) are due to the brane at r = r m and also given by (4.9)(or (4.11)) and (4.12), but this time r is replaced by r m − r. That is, we construct Σ 2 by gluing Σ 2II onto Σ 2I with left and right reserved. We have
(region I)
(region II), (9.5) and
where c i are given by c 1 = c 2 = 1 for Λ = 0, and c 1 = 0, c 2 = 1 for Λ = 0. Also, the constant b 0 is b 0 = ±(8γ 2 /mΛ) for Λ = 0, and arbitrary for Λ = 0. Substituting (9.5) and (9.6) into (9.1)-(9.3) gives
where B 1 and B 2 are given by
and where
Recalling (4.16), one finds that (9.7) can be solved by setting
and therefore
With Ψ i = 0, (9.11) reduces to a fine-tuning of V p (Φ). But in the case Λ = 0, once Ψ i is "turned on", (9.11) does not restrict V p (Φ) anymore. The reason is as follows. In (9.11), the number of independent equations is only two (rather than three) because they are related with each other by (4.16). The number of independent α M is also two because each α M depends only on two independent functions V p (Φ) and ∂V p (Φ)/∂Φ through C 1 and C 2 ; i.e., four α M contain only two independent degrees of freedom (indeed, four α M with M ≡ R, Φ, B, ξ are related with each other by (4.15) and (4.16) as well). Thus two degrees of freedom V p (Φ) and ∂V p (Φ)/∂Φ are fixed by the equations in (9.11). If Ψ i is "turned on", however, the situation changes. C 1 and C 2 (and therefore α M ) are now going to include two more degrees of freedom F Φ and F B (see (3.26) and (5.2)); i.e., α M become
. So this time the two independent equations in (9.11) can not restrict V p (Φ) anymore 4 due to the presence of the extra degrees of freedom F Φ and F B , and therefore (9.11) does not reduce to a fine-tuning of V p (Φ) if Ψ i = 0 in the case Λ = 0. But if Λ = 0, the self-tuning of V p (Φ) is not guaranteed since in this case we have only one extra degree of freedom (i.e., F ).
Turning back to the matching conditions, it is convenient to replace the conditions in (9.4) by
The condition (9.13) can be easily satisfied if we takẽ
(9.14)
But (9.12) gives a condition 15) by which, (9.9) reduces to
(9.16) Also from (4.10) one finds that (9.11) implies
provided m (or α) takes the same value at both regions of Σ 2 , and (9.17) in turn implies (by (9.8) and (9.10)) that C
This is interesting. If the dilaton coupling of Λ takes the same form at both regions of Σ 2 (but see also the case I of the next section), we do not need to introduce the brane B in order to satisfy the matching conditions at r = r B . They are automatically satisfied as long as (9.11) and (9.15) are met.
Brane world models
In this section we will consider various types of brane world models satisfying the matching conditions of the previous section. In the followings we will restrict our discussion only to the case where |γ I | = |γ II | in consideration of symmetry. Also we will assume that the value of Λ of the region I (≡ Λ I ) can be different from that of the region II (≡ Λ II ). Having different values of m at each region means that Λ couples with dilaton differently at each region. As an example, consider a case where α = −2 (m = 2) in the region I, while α = 0 (m = −2 assuming that p = 3) in the region II. This describes a model in which Λ couples with dilaton with a factor e −2Φ in the region I, while it does not couple with dilaton in the region II. Since m I = 2 and m II = −2, γ I,II become γ I = −α ξI and γ II = α ξII , respectively, and (9.11) implies γ I = γ II .
The analysis made in Sec.9 was based on the assumption that
and B 2 in (9.8) must be modified. Upon using (9.15), they are modified to
1)
by (4.10) and (9.11), and therefore B 1 = 0 implies
That is, the brane B is unnecessary even in the case α I = α II (m I = m II ). Since (10.3) also implies C (p+1) 2 = 0, the condition B 2 = 0 requires 
So in this case the integration constantsr 0 and r 0 (or d M ) are all fixed by matching conditions. Finally, the geometry of the bulk spacetime is described by (6.10) (or (6.14) in the case α = −2) at both regions of Σ 2 .
In the case II (and in the case III) m I and m II need not be different from each other, and in the followings we will restrict our discussion only to the case m I = m II = 2. Since m I = m II , the whole discussion of the previous section can be applied just as it is to the case II (and the case III). Namely, the brane B is unnecessary in this case, and the matching conditions to be met are those in (9.11), (9.14) and (9.15) . Since m I = m II , (9.11) implies γ II = −γ I < 0, which is allowed only if Λ II = 0. (9.15) therefore reduces to
where b 0I is given by b 0I = ±(4γ 2 I /Λ I ), but b 0II is arbitrary. So (10.7) can be satisfied for any r 0I,II if b 0II is chosen properly. Since r 0I,II are arbitrary, d M I,II are not fixed by (6.4) . The geometry of the bulk spacetime is given by (6.14) in the region I, while it is given by (6.15) in the region II.
In the case III, we only need to consider the case m I = m II = 2 (recall that we have decided to take α = −2 (m = 2) in the case Λ = 0, see Sec.6). So the whole discussion of Sec.9 can be applied to the case III either; the brane B is unnecessary, and the matching conditions to be met are just (9.11), (9.14) and (9.15) as before. But in the case III, (9.15) reduces to
where b 0I and b 0II are both arbitrary. Since b 0I,II are arbitrary, (10.8) can be satisfied for any arbitrary r 0I,II , and therefore d M I,II are not fixed by the matching conditions. (9.11), on the other hand, implies that γ I = −γ II > 0, so Σ 2 is closed at η = 0 (r = 0) (note that the bulk geometry of the case III is given by (6.15)), while it diverges at η = η m (r = r m ).
Thus the brane at η = 0 is a codimension-2 brane, while the one at η = η m is necessarily a codimension-1 brane. If we identify these two branes as the η c → 0 limits of the type II codimension-1 brane, they become T-duals of each other 5 because they have the same mass (note that |γ I | = |γ II | in the above). So far we have considered three types of brane world models satisfying the matching conditions, and in all these three cases the brane B at r = r B is unnecessary. Among these, the case I and case II are somewhat special in the sense that Λ and its dilaton couplings are not uniform in the whole regions of Σ 2 . Also in the case I, the self-tuning of V p (Φ) is not guaranteed due to lack of extra degrees of freedom which is needed to avoid the fine-tuning of V p (Φ) (see Sec.9). Of the most interest is the case III, which is also natural in the context of string theory where Λ is absent in ordinary circumstances. In the followings we will be back to the case III to go into more details about the self-tuning brane world model with Λ = 0 (in the whole regions of Σ 2 ).
(d) case III again in (10.10), M s and M 6 should be of the same order in order that β ∼ O(1), which accords with an assumption [1, 2, 3] that the electroweak scale m EW is the only short distance scale in nature.
4d planck scale
Let us consider the 4d Planck scale M pl . The finiteness of M pl is closely related with the localization of the zero mode of the 4d graviton. In this section we will concentrate mostly on the case III among the three cases of Sec.10. Also we will use l ∼ = 0 since (the tension of) the SM-brane can hardly affect the bulk geometry, and finally we will set p = 3 for simplicity.
In the case III, the 6d metric is given by (8.1) in the region I (0 ≤ η ≤ η B ), while it is given by (8.2) with η replaced by η m − η in the region II (η B < η ≤ η m ) (also η 0 must be identified with η B in order that two metrics match each other at η = η B ). For this metric, M pl is given by
where we have used (6.16) (together with (6.13)) and the relation
. In (11.1), τ represents the thickness (in our case we will assume that every brane has the same thickness) of the branes in the η−coordinates. In the thin brane limit, τ vanishes. But in reality, branes have nonzero thickness, and τ takes some nonzero value. Neglecting τ 2 term, one finds 2) where ρ max may be identified with the size of the codimension-1 brane, or equivalently with the size of Σ 2 ; indeed, if the codimension-2 brane has a size (thickness) τ , then the codimension-1 brane must have a size η 2 B /τ (= ρ max ) by (8.3) because they are T-duals of each other. Since α ξ ∼ κ 2 V p (Φ)/2π for l ∼ 0, (11.2) finally becomes 
3) can be written in terms of M s :
where M s is the string scale: M s = 1/l s = 1/ √ α ′ as mentioned before. In some sense, (11.5) may be considered as a string theoretic generalization of (11.4); (11.5) reduces to (11.4) if we identify 6) which is just an analogue of the string theoretical definition of the 10d Planck scale:
In the weak coupling limit g s → 0, however, (11.6) is unnatural because it implies M 6 /M s → ∞ as g s → 0. (11.6) may be senseful perhaps when g s ∼ O(1) (nonstringy way; see ref. [19] ). That is, the identification of (11.5) with (11.4) may not be valid in the weakly coupled case.
There is a different way of viewing (11.5). If we take an assumption that m EW is the only fundamental short distance scale in nature (i.e., if we assume that M s ∼ T eV and ρ max ∼ T eV −1 ), then g s expected from (11.5) (neglecting the factor 1/8(2π) 3 ) would be ∼ 10 −16 (stringy way; see ref. [19] ), which is just the value of g s assumed in Sec.7 for the weakly coupled case. If we take the factor 1/8(2π) 3 into account, the expected value for g s gets even smaller; it will be about ∼ 10 −18 , which is smaller than ∼ 10 −16 by two orders. For this value of g s , the effect of quantum fluctuations of SM fields on the bulk geometry becomes smaller than before by several orders; the change δl (or δk)is only a fraction ∼ 10 −36 .
M pl of the case II (of Sec.10) is similar to that of the case III.
(11.7)
Note that (11.7) reduces to (11.1) in the limit Λ → 0. Finally, we will not give a precise value of M pl for the case I, but it is obviously finite even in the thin brane limit τ → 0.
Omitting η B −dependent hyperbolic functions, it is of order M 2 pl ∼ |V p (Φ)|/|Λ|, or in terms M s it is given by M 2 pl ∼ M 4 s /(2π) 3 |Λ|g 2 s . But as mentioned before, the self-tuning is not guaranteed in the case I.
Summary
In this paper we have presented a new type of self-tuning mechanism for 6d brane world models in the framework of gravity-scalar theory. Each model contains two coincident branes each of which is a stack of a Dp− and a background NS-brane. Among these models, of the most interest is the case with Λ = 0, which is not only interesting but also natural in the context of the string theory. In this model, one of the coincident brane is a codimension-2 brane placed at the origin η = 0 of the 2d transverse space Σ 2 , while the other is a codimension-1 brane placed at the edge of Σ 2 . These two branes are T-duals of each other, and interchange their shapes under duality transformation, and one of them is identified with our SM-brane (plus the background NS-brane).
The given models exhibit a remarkable feature. In the weak coupling limit g s → 0, the bulk geometry (as well as the flat intrinsic geometry of the branes) is practically insensitive to the quantum fluctuations of SM-fields with support on the SM-brane. This can be achieved by introducing an NS-brane which serves as a background brane on which our SM-brane is to be placed. Indeed, the background NS-brane is naturally introduced by field equations. Namely, field equations impose a restriction on (the dilaton coupling of) the brane tension so that the brane must be an NS-brane in the absence of certain scalar fields (i.e., when Ψ i = 0). In the presence of this NS-brane the 2d transverse space Σ 2 becomes locally R 2 (or an orbifold R 2 /Z n ) with an arbitrary deficit angle provided the 6d Planck scale M 6 and the string scale M s are of the same order, which accords with an assumption (regarding hierarchy problem) that the electroweak scale m EW is the only fundamental short distance scale in nature.
Now we put the SM-brane (D3-brane) on top of the background NS-brane placed at the orbifold singularity. Such an introduction of an SM-brane usually affects the geometry of bulk spacetime due to the tension of the SM-brane. In our case the effect of the (brane tension of the) SM-brane on the bulk geometry is essentially expressed in terms of the parameters l and k. So they take nonzero values in the presence of the SM-brane, while they vanish in the absence of the SM-brane. In the given models, however, the increments in l and k due to an introduction of the SM-brane is negligibly small. In the weak coupling limit g s ∼ 10 −16 , they are only of an order 10 −16 . Consequently, the shifts in l and k due to quantum corrections to the brane tension (due to dynamics of SM fields on the SMbrane) are even smaller than this; they are only δl (or δk) ∼ g 2 s ∼ 10 −32 , meaning that the geometry of the bulk spacetime is practically insensitive to the quantum fluctuations of SM fields with support on the SM-brane.
Finally, the 4d Planck scale M pl is not directly related with the 6d Planck scale M 6 ; it is given in terms of the brane tension(s) and the size of the extra dimensions. In particular in the case Λ = 0, it is given by M 2 pl ∼ V p (Φ) ρ 2 max /8, which reduces to M 2 pl ∼ [1/8(2π) 3 ] M 4 s ρ 2 max /g 2 s in the string theory. If we estimate l and k according to this equation (with the numerical factor 1/8(2π) 3 taken into account), they become ∼ 10 −18 , which is smaller than 10 −16 by two orders. Similarly, the effect of quantum fluctuations of SM fields on the bulk geometry becomes smaller than the values estimated in the previous paragraph; the changes in l and k due to quantum corrections would be only a fraction ∼ 10 −36 .
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Appendix : Codimension-1 branes
In this section we will consider two different types of codimension-1 branes, which we will call type I or type II codimension-1 brane, respectively.
A. Type I
Type I codimension-1 brane (this is an ordinary codimension-1 brane) is described by
where g θθ (as well as g µν ) is a pullback of G θθ to the codimension-1 brane. Upon using (2.2) and (2.6), (A.1) reduces to where we have assumed that Σ 2 is not closed at r = 0 and the brane is placed there. (A.7) indicates that V p+1 (Φ) of the type II brane is inversely proportional to the size (the radius) of the brane; i.e., V p+1 (Φ) ∝ 1/ √ g θθ so that V p (Φ) becomes independent of √ g θθ .
This is the crucial difference between type I and Type II codimension-1 branes. In the case of type I brane, V p+1 (Φ) is itself independent of √ g θθ . (A.8) has the same form as (3.3) except that the 2d delta-function δ 2 ( r) is replaced by 1d delta-function δ(r)/2π √ĝ 2 . The type II codimension-1 brane is in fact a codimension-1 brane which can be obtained from a codimension-2 brane (a point) by expanding it to a circle with the total mass of the brane kept constant. Conversely, a codimension-2 brane can be obtained from the type II codimension-1 brane by shrinking it to a point with the total mass of the brane kept constant. (A.7) indicates the fact that the total mass of the brane is unchanged under this expansion (or contraction). The field equations for this codimension-1 brane are given by where the constants C i are defined by 12) similarly to (3.26) . Note that the right hand sides of (A.9)-(A.11) have been doubled as compared with (3.21)-(3.23). The reason is as follows. The left hand sides of (A.9)-(A.11) show that there is a reflection symmetry about the codimension-1 brane at r = 0 (we have |r| in the equations). So we naturally take the codimension-1 brane as an orbiflod fixed line: i.e., we identify every point of the region r < 0 with the corresponding point of the region r > 0, and then take the region r > 0 as a fundamental domain. Then the orbifold fixed line at r = 0 becomes a stack of two codimension-1 branes each of which belongs to the corresponding regions. So we have to double the right hand sides of (A. where α M are the same ones as those in (4.4)-(4.7).
